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Here, growth rate is

G(w) = lim % og E[Z(w)]

N—oco

Z(w): the number of codewords of relative weight w € [0, 1].
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Factor graph, Bethe approximation
and belief propagation



Factor graph

Factor graph: bipartite graph which defines probability measure
1
p() = 7 [T ftxan
/= Z H fa(X5a), (partition function)

xeXn a

f:g(Xga) X — RZO
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Gibbs free energy
p(x) = 3 [ ] fxos)

Approximation by simple distribution g of p which is defined by factor
graph

D(qllp) = _ q(x)log 9x)

=:logZ 4+ U(g)—H(q)
=:log Z + Fcibbs(q)

U(p): internal energy

H(p): entropy
Faibbs(p): Gibbs free energy
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Mean field approximation and Bethe approximation

Mean field approximation

q(x) = H bi(x;)

Degree of freedom is reduced from g" to ng

Bethe approximation

d;: degree of variable node |

When factor graph is tree, Bethe approximation can be exact
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Bethe free energy

U(q) = Z ) log (H fa(Xo. >
ZZb X92)10g fy(X92) =: Upetne({.})

a Xoa

[, ba(x22)

P B

Zb ) log b(x

Zb x) log L, b( ())(8a)

—ZZb (x92) log ba(xa2) +Z di—1 Zb ) log bi(x

a XHa

=: Haethe(1bi}, {ba})
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Minimization of Bethe free energy
FBethe({bi}v {ba}) .= UBethe({ba})_HBethe({bi}v {ba})
minimize :  Fgene({ b}, {ba})

subject to:  b;(x;)>0, Vi
ba(Xaa)ZO, Va

Z b,'(X,') =1
Z ba(Xaa) =1

Y ba(xsa) = bi(x;), Va, Vi€ 0a
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Stationary point of Lagrangian of Bethe free energy

[Yedidia, Freeman, and Weiss 2005]

L:= FBethe({b} {b} +Z'Ya Zb x@a

X9a

+$:$:S:)\ai(xi) X/)_ Z b x(‘?a

a [€Eda X

Stationary points of Lagrangian is fixed points of BP

where

ba(xaa) X fa(xﬁa) H mi—>a(Xi)

i€0a
bi(xi) o< || massi(x)
i€0a
ml—>a(X/)O< H mc—>l(Xl)
celi\a
ma—>1 X/ Z f x(‘?a) H mj—>a(XJ)
X9a\X; JEOa\i
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Relation between annealed free
energy and belief propagation
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Random regular factor graph ensemble

Factor graph: bipartite graph which defines probability measure
1
p(x) = 7 ];I fa(Xoa)
/= Z H fa(X5a), (partition function)

xeX" a

Random (/, r)-regular factor graph ensemble:
[: degree of variable nodes, r: degree of factor nodes
Random ensemble of factor graphs
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Annealed free energy

Factor graph: bipartite graph which defines probability measure
1
p(x) = 7 ];I fa(Xoa)
/= Z H fa(X5a), (partition function)

xeX" a

Random (/, r)-regular factor graph ensemble:
[: degree of variable nodes, r: degree of factor nodes
Random ensemble of factor graphs

(Quenched) free energy:

_ 1
ym, yEles 2]

Annealed free energy:

1
im —logE|Z
N—oco N 5 [ ] 12 / 34



Contribution to partition function of particular types

{vi}xex: the number of variable nodes of value x € X is v,
{uy }xexr: the number of factor nodes of value x € X" is uy

Z=> ]]f(xs)

xeXN a

= > N({v} {u}) ]] feo*

{vidu} X€EXT

s o= () ) ()t

{Vitxex /) \{Ux fxear

im — log E[Z({1}, {11)]

N—oo N
= —H({pp)=(=DH{V}) + - Z x) log f (x
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Annealed free energy of fixed type and Bethe free energy

FBethe({b} {b} ZZb Xoa |ng Xé?a)

a XHa

+ ) ) by(xsa) log by(xs.)— Zd 1Zb x;) log b;(x

a Xoa

lim < log E[Z({v}, {11))]

= 23 ullog flx) + L H({})—(I—DH({})

XEX"
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Maximization of the exponents of contributions

maximize :

subject to :

H({ph)=(I=1)H{v)) + - Z

v(x)>0, Vxe X
u(x)>0, vxe X'

Zy(x) =1

xXEX

TS ) = (2,

k=1 X\Xk
Xk=Z

Vze X
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The stationary condition

The stationary condition is

where

m,_¢(x) o< ms_y,(x)" 7

mrou(x) o< Y Y Fx) ] ] mumr(x).

k=1 x\x JF#k

X=X
If f(x) is invariant under any permutation of x € X"

mye_,y X) Z f Hmv—>f(xj)-

X\Xl _]751
X1=X
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Annealed free energy

Theorem 1.

1 /
lim — logE[Z] = max {— log Zr + log Z,— I log va} .
N—oco N

(mf—>vav—>f)€8 r

where S denotes the set of saddle points, and where

Z, = Z me_y(x)’
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Number of solutions
|f

S iy

k=1 x\x
X=X

is constant among all x € X', the uniform message ms_,,(x). m,_¢(x)
is a saddle point.
The contribution of the uniform message is

1 / N
Nli_r>nOO N logE[Z(v, 1)] = log g + . log (q—:) (design rate)

where g := |X|. Nf:= > f(x).
For CSP i.e., f(x) € {0, 1}, the expected number of solutions is about

In
*(3)"
q

This intuitively means all constraints are independent.
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Contribution to partition function of fixed variable type

Z({v}) =) _ Z({v} {u})

{u}
1

Jim o log B[Z({v})]

_sup{ H(D)—(=DH) + - 3 () log >}

{m} XEXr

where {11} satisfies

%ZZM(X) = u(z), Vze X

k=1 x\x
Xk=—2Z

Convex optimization problem with linear constraints.
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The stationary condition

The stationary condition is

where

If f(x) is invariant under any permutation of x € X"

mr_u(x) o< > F(x) ]| mosr(x).

x\x1 J#1
X1 =X
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Growth rate of contribution to partition function of fixed variable type

Theorem 2.

lim  log E[Z({1})]

/
= max { log Zr + log Z,— I log Zp,— Z v(x) log h(x)}

(mf—>V1mv—>f)€8 r X

where S denotes the set of saddle points, and where

Z, =Y h(x)ms_(x)
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Growth rate of regular LDPC codes

| 142z 1 ’ 1—y\'
G(w):;log _;Z + log {eh (%) +e " (Ty)

where w’ := 1—2w and
w' = tanh(h + Itanh%(y))

y = Zr—1

z = tanh(h + (/—1) tanh™!(y)).

This result can be easily understood from correspondings
w' = r(0)—v(1)
y = me,(0)—me, (1)
z=m,_¢(0)—m,_¢(1)
h(x) = =1
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Growth rate of regular LDPC codes
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Growth rate of binary CSP
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Growth rate of (3,2)-regular-3-coloring
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Replica theory

This story continues into the replica theory
(see the paper in arXiv).
But, we don't deal with it here.

0logE[Z"]
Ellog Z| =
[log Z] o |
.1 .1 . logE[Z"]
om, o 21 = lim 5 lim ——
1 1

? . n
= /lvl—% . NI|_>moo N log E[Z"]

The replica method is methematically not rigorous e.g., exchange of
limits, analytic continuation of n.
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Growth rate of spatially coupled
LDPC codes and threshold saturation
phenomenon



Protograph ensemble

The similar results also holds for protograph ensemble [Vontobel 2010]

In this morning, Kenta has explained
m Definition of protograph ensemble
m Definition of spatially coupled LDPC codes

m [hreshold saturation phenomenon of EXIT curve

28 / 34



Growth rate of spatially coupled LDPC codes

L—|—/ 1 r
Z Iog(logl_l-nk OZJkI)
[—1
1+ I/ — 1— I

+Zlog[ehH< AR )+ehH( 2“)}

iI=—L k=0

L /-1
_ Z Zlog (1+_)// kZi+k, k):| —Ww'h

I=—L k=0

G(w) =

/-1
/ 1 1
w =511 Z tanh <h+kz%tanh (yi ))
/-1
Zik =tanh | h+ Z tanh™* (yj_k,k/)

k' =0,k' £k
I—1

_ r_1 r
Yik = Zi+kk' H Zitk,k"!

k'=0,k'+k
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w’ versus h
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w versus h: Derivative of growth rate

1

1=2,4,8,16,32,64,128,256 — |}
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Growth rate
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Conclusion

m Contribution to annealed free energy of particular type has similar
form of Bethe free energy.

m The stationary condition of maximization problem for annealed free
energy is similar to equation of belief propagation.

m [here exists threshold saturation phenomenon in the calculation of
growth rate of spatially coupled LDPC codes.

m We now can calculate annealed free energy of any coupled factor
graphs. Effect of boundary condition is not obvious. BP iterations
does not necessarily converge (even for uncoupled cases).
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