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Concept

It has been shown that

Large deviations theory (method of types) is useful

for understanding the result of the replica method
[Mori 2011].

In this work,

Large deviations theory (method of types) for
Markov chain is applied to models including a
Markov structure.
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Types [Csiszar 1977}

m X afinite set

m  P,(a): the fractionof a€ X inx € XN

Example:
For X ={a,b,c}, x=1a,a b,a,c,c,a,b|

P(a) =4/8, Pu(b)=2/8 P.(c)=2/8

Pu(X) := {P | x € XN}, Pu(X)| = (VX

[ A]-1
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Number of sequences of a particular type

Tp(N) :={xe XN | P, =P}

N !
Tr(N)] = (NP(a) NP (b) NP(c)) = (NP(a)) (NP (b)) (NP(c))!

Tp(n)| ~ expiNH(P)}

Usage:

Y f(R)= ) |Te(N)|f(P)

x€ XN PGPN(X)

> ) = Z (7)o

xc{0,1}N
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Sanov’s theorem

Q"(x) = ]| @@@)"™

ackx

= exp {N Z P.(a) log Q(a)}

acx

= exp{—N[H(Px) + D(F||Q)]}

E [exp{Ng(PXle___XN)}] — Z QN(X) exp {Ng(Px)}
xe XN
= > [Tp(N)|exp{—N[H(P) + D(P| Q)]} exp {Ng(P)}
PcPN(X)
~ Z exp{—N(D(P||Q) —g(P))}
PcP(X)

~ sup exp{—N(D(P||Q)—-g(P))} (Laplace method)
PeP(X)
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The second order types

m X afinite set

n P,fz)(a, b): the fraction of a pair of successive symbols (a, b) € X2
inxe XN

Example:
For X ={a,b,c}, x=1a,a,b,a,c,c,a,b]

PP (a,a) =1/7, PP (a, b) =2/7, P (a,¢) =1/7,
PP (b,a) =1/7, P (b,b) =0/7, P (b,c) =0/7,
PP (c,a)=1/7, PP (c,b) =0/7 PP (c,c) =1/7.

7)/(\/2)()() ‘= {P,fz) | x € X’V}, \7?/(\,2)(2()\ ~ d(‘)(‘)/\/l?flz—l?fl_
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Number of sequence of particular type

T2 (N) :={x € AN | P¥ = Px v}

h =T ()

xXEX {NPXyY(X’-y)}yEX
[Whittle 1955] [Billingsley 1961].

Tee | = expiNH(X | Y)} Px= Py
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One-dimensional Ising model

p(x) := Z(lN) exp {J iXiXiJrl — th,}

=1 =1

N-1 N
Z(N) := Z exp {JZX;XH_l — th;}
xc{+1,—1}N =1 =1
—hX1 —th —hXN 1 —hXN

I

—Jx1 X9 —JXN 1IXN Xy
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The method of transfer matrix

N-1 N
Zn(x1, xy) 1= Z exp {J ZX;X,-+1 — th;} .
i=1 i=1

xc{+1,—1}N

Zn(+1, +1) ZN(+1,—1)]
Zn(—1,41) Zy(-1,-1)
| Zva (1, 1) Zy (1, 1) ] [exp{—J — h} exp{+J+ h}
- Zy-—1(—1,+1) ZNl(—l,—l)] [exp{—l—Jh} eXp{—J—I—h}]

‘exp{—h} 0 ] [exp{—J — h} exp{+J+ h}] Nt
0 exp{+h}| |exp{+J — h} exp{—J+ h}

ZIN)y = Y Zn(xa,xw) ~ Al

(x1,xy)€EX?2
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The method of types for Markov chain

N—-1 N
Z(N) = Z exp{—JZx;X;+1—hZX;}

xe{+1,—1}N =1

( )

cexpe—J > (N=1)Psr(s,t)st—h >  NPr(t)ty
X (s,t)e{+1,—1}2 te{+1,—-1} )

lim llogZ(N) = sup {H(S|T)—-J(ST)—h(T)}
N—oo NV Psr,Ps=Pr

= sup {H(S, T)—-H(T)—J{ST)—h(T)}
Pst,Ps=Pr

The maximization problem can be solved by
the method of Lagrange multiplier.
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Free energy of 1d Ising model 1/2

Lemma 1.

1
lim N log Zy = supextr {log Z,, — log Z,} .

N—ro0 MRy

where supextr stands for supremum among saddle points.

Z, = Z miRr_v () Mgy (S) exp {—Jst — hs — ht}
(s,t)e{+1,—1}2

Z, = Z mLR%v(t)zeXp{_ht}'
te{+1,—1}

The saddle point equation is

1

LR—v

mir_v(s) exp{—Jst — hs}.
se{+1,—1}

miR_y (t) =

This is the equation of belief propagation on the 1d Ising model of
infinite size |
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Free energy of 1d Ising model 2/2

|
Lim N log Zy = log Zir

1
mir_y(t) = Z mir_v(s) exp{—Jst — hs}.

ZIR- (s,t)e{+1,—1}2

Here, Z r_,, and m r_,, are eigenvalue and eigenvector of

[exp{—J — h} exp{+J+ h}
exp{+J — h} exp{—J+ h}

which is the transfer matrix. Hence,

1
lim I log Zy = log Amax-

N— oo

The method of types is useful for more complicated problems.
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LDPC codes on memoryless channel

p(x|y):= = H f(xa.) H Wy | xi)

ZHf(Xa)HW(y | Xi).

xcXN a

f(x):= H{@XJ = O}

p(y) i= = ZHf(Xaa HW(Y | ;)

XEX’V a

= Z Hf(xaa .

xcXN a
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Conditional entropy and free energy

p(x|y):= ! H f(xa9a2) H W(yi | xi)

ZHf(Xaa)HW(y ‘X)

xcXN a

E[H(X | Y)] = Ellog Z] — E[log W(Y | X)]
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Disordered system and replica method

.1 ... 1 OlogE[Z"]

i Elos 2l =l y e |,
1.1 e 11 )

= g lim - log B[27] ="l — fim 7 log £127

For non-negative integer n,
= (S M) = 3 TT(TTr0)
xeXN a xe(XmN a i=1
/" can be regarded as a partition function of a new model in which

X — A"

f(x) — f[ f(x(i)).
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Types on factor graphs [Vontobel 2010]

v(x),x € X: a type of variable nodes
p(x),x € X" a type of factor nodes

Otherwise,
o111) HX) =0

0
. (0010) ), 0010) = 1/4,
x={01} ©(0001) = 1/4,
(0001)
V(0) =5/, 1 ©(0100) = 1/4,
0 (0100) #(0111) =1/4,
I/(]_) = 3/8 0
0
1

There is a constraint between v(x) and pu(x).

More precisely, v(x) is uniquely determined from p(x).
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Contribution of particular types to a partition function

Z="> ]]f(xs.)

= ZN@ ) H f(x) MO = Zzw ).
~ N N\ [Len(Nu(x)0)!
Nl = ({Nu<x>}xex) <{%Nu<x>}xexr) (NOr
. 1
im —log E[Z(v, 11)]

— %H(“) — (- DH(v) + % D> u(x)log f(x).

xXeXr

Minus Bethe free energy of of mini (averaged) model [Mori 2011].
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Free energy of LDPC codes on memoryless channel

lim = logE[Z"] = sup {iH(Ul,...,U,)(ll)H(X)

e 0+ e (2 T 1500) Y
k=0 ye)Y k=0

Here, X and Us, ..., U, are random variables on X"t satisfying
m X and Uk have the same distribution

where K denotes the uniform random variable on a set {1, ..., r}.

The saddle point equation for replica symmetric solution is equivalent to
the density evolution of the belief propagation [Mori 2011].
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LDPC codes on general Markov channel

S: a set of states
V(t | y,x, s): a transition probability for x ¢ X, y € YV and s,t € S

p(x|y) = % Z H f(xa2) H W (yi | xi,si) Vo(s1) 1:[ V (Sit1 | yir i, Si)

scSN a i=1 i=1

= > Y ][ f(xs.) H W(y: | xi,si)

xeXN seSN a
N—-1

' V0(51) H V(Si—l—l \ )/i,Xi,Si)-

=1
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Free energy of LDPC codes on general Markov channel

Main result of this work

/

1
l\l/lm N lOgE[Z”] — Sup « H(Xl, 51 ‘ Xz, 52) — /H(Xl, 51)
— 00

\

/ / H"
(k)
_I_;H(U]_,...,Ury T11"'1 Tr)—|_r<]'ogk0f(u )>

n <log (Z [T w1 X359, s52)vist |y, X359, sé">>>> } ~R.

yey k=0

m (X1,51) and (Xz,S3) have the same distribution

m (Xi, 51) and (Uk, Tk) have the same distribution

where K denotes the uniform random variable on a set {1, ..., r}.

The saddle point equation is equivalent to the density evolution of the
belief propagation (joint iterative decoder). 2 /23



The dicode erasure channel
DEC(€) is defined for ¥ =S ={0,1}, YV = {—1,0, +1, %} as

l—€¢, y=x-—s5
W(yx,S):{(E ) —

V(s'|y,x,s) =1, for s’ = x.

The density evolution can be described by one parameter
[Pfister and Siegel 2008].
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Numerical calculation for the DEC(¢)

E[H(X ] Y)]
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Summary, future works and open problem

Summary

m The method of types is useful for analysis of LDPC codes on
memoryless channels (previous result)

m [he method of types for Markov chain is useful for analysis of LDPC

codes on Markov channels

Future works
m  Analysis of IRA/ARA LDPC codes

m  Compressed sensing of Markov source

Open problem

m [ypes for two-dimensional Markov chain e.g., two dimensional Ising
model.
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