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The Bethe approximation

» Successful approximation for low-density parity-check codes,
compressed sensing, etc.

» Efficient message passing algorithm belief propagation (BP).

» A fixed point of BP is a stationary point of the Bethe free
energy [Yedidia et al. 2005].
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Factor graph and partition function

For a factor graph G.

>

>

>

V: the set of variable nodes
F: the set of factor nodes
X' the alphabet set

N: the number of variables

d,: the degree of a node for
oe VUF

fa: a non-negative function
in X% — Rs.
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The Legendre transformation

—log Z(G) = inf { > q(x)log [ fa(x0a) — H(q)

XN
qeP(xN) e N 2eF

where H(q) is the Shannon entropy.

log Z(G) and —H(q) are dual in the sense of
Legendre transformation.

log Z(G) «— —H(q)

|
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The Bethe free energy

xexN aeF

—log Z(G) = qe’IiDn(];(N) { Z q(x) log H fa(x0a) — H(q)}

— log Z ethe G)= f
g Bth( ) (beP(X));eVI?baep(Xda))aEF{

=3 > ba(xas) log fa(x9a) — Heeene((Bi)ic v, (ba)aeF)}
acF xcxda

where

Heetne((Bi)iev, (ba)acr) ==Y _ H(ba) = > (d; — 1)H(b;).

acF ievV
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Charactrizations of the Bethe free energy

» Loop calculus [Chertkov and Chernyak 2006, 2007]

Z(G) = Zpethe | 1 + > r(C)

C: generalized loop

— generalized to non-binary alphabet [This work]
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Charactrizations of the Bethe free energy

» Loop calculus [Chertkov and Chernyak 2006, 2007]

Z(G) = Zpethe | 1 + > r(C)

C: generalized loop

— generalized to non-binary alphabet [This work]

» Method of graph cover [Vontobel 2010]

1
M |Og <ZZM> — Iog ZBethe

— generalized to the second-order analysis [This work]
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Loop calculus for the binary alphabet

Lemma (Chertkov and Chernyak 2006, Sudderth et al., 2008)

Assume that the alphabet is binary, i.e., X ={0,1}. Let
ni == (Xi)p, = bi(1). For any stationary point ((b;), (bs)) of the
Bethe free energy,

Z(G) = ZBethe((bi)ieV, (ba)aeF) Z Z(E )

E'CE

/ Xi — ni e
oIt ),

1

Xi —
IO i)
acF \i€oa,(i,a)eE’ ’

where
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Generalized loop

G:={E CE|dy(E')# 1foroe VUF}

Z(G) = ZBethe((bi)iEVy (b aEF (1 + Z Z

E'eg\{o}

)
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Loop calculus for a non-binary alphabet 1/2
Theorem (This work)
For any stationary point ((b;), (ba)) of the Bethe free energy,

Z(G) = Zaethe((bi)iev, (ba)acr) Y Z(E)
E'CE

ey X (T Pt

ye(X\(O})IEN i€V \acoi (i1a)eE" Oy

(I )

0; .
acF \icoa,(i,a)eE’ !"Yi.a

i

ba

Coordinate systems the natural parameters (0; ) e\ {0y and the
expectation parameters (7);,,),ecx\{0}-
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Loop calculus for a non-binary alphabet 2/2

The Jacobian matrix % is the Fisher information matrix.

Theorem (This work)

If one chooses a sufficient statistic t;(x;) for i € V' such that the
Fisher information matrix is diagonal at b;, it holds

Z(EN = H< I1 by (Xi) — i, >

yG(X\{O})‘E/‘ i€V \a€oi,(i,a)eE’ \/<(ti,y,'va(Xi) - ni,y,-'a)2>b,,

. H < H tiyi. (Xi) —MNiyia >

acF \i€da,(i,a)eE’ \/<(tf,y,,a(Xi) - 77i,y,-,a)2>bi

b;

ba

Acknowledgment: P. Vontobel for insightful discussion about
normal factor graph.
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Loop calculus for expectations
Theorem (This work; it can be simplified like the previous theorem)
Let CCV,Fc:={ac€F|8aC C}andg:XIl 5 R. Forany ((b;),(ba)) € A, it
holds
Z(g(X))p = Zethe((bi)iev, (ba)acr) D> Z(E)
E'CE\E(Fc)

where

ZE)= 3 H< I1 <9'°gbf(Xf)>

yE(X\{O})‘EI‘ ieV\C \a€di,(i,a)eE’ ani,y,-'a

0 log b;j(X;)
H <i€83H 90; >

i

aEF\Fc (i,a)EE’ !Yia .
dlo b,’ X,'
: <g(xc) IT ;()>
ieC,(i,a)eE’ A7 be

Here, (-)p. is a pseudo expectation with respect to

x ba(xaa)
Hb ') H H/G@ab(xl)

ieC acFc
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Loop calculus for single-cycle graph

Co"b.ak [ti, (Xi), tip, (X,

1= Vary, [t (X, )] 2 Covi,, [, (Xi, ). i, (Xi ) )Vars, , [t ()72
Corollary (Partition function of single-cycle factor graph)

Z(G) = ZBethe((bi)ier (ba)aEF)
’ <1 T <C°rb-’1 [ti, (Xiy). i, (X5 )] Cors,, [ti, (Xi), iy (Xi)] - - - Corp, [t (Xi, ), i (Xiy )])) '
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Correlation matrix on a tree factor graph

as

Corollary (Correlation matrix on a tree factor graph; Watanabe 2010)

COrp[X1, Xn]
= Corp[t1(X1), t2(X2)] Corp[ta(X2), t3(X3)] - - - Corptn_1(Xn—1), tn(Xn)]
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Graph cover

ap az as
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Graph cover

I

© 1) 2
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Graph cover

)

OFORC)
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The method of graph cover

Lemma (Vontobel 2010)
log(Zs,,) = Mlog Zgetne + o(M)

Sketch of the proof.
The method of types and Laplace method. []
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The second-order analysis for graph cover

Lemma (This work)

log(Zs,,) = M log Zgetne + log \/((u) + o(1)

where ((u) is the edge zeta function and

ui,; = Corp, [t;(Xi), t;(Xj)].

Sketch of the proof.

Laplace method with the central approximation. O
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Interpretation of Legendre transformation by large deviation

08 2(G) = 1106 Z(G)" = lim . log Z(G)"

= inf 4= > ptx)log I folxas) — Hp)

xe XN acF

From more detailed analysis (asymptotic expansion)

det (J(6))
[T p(x)

n'g

=0

log Z(G)M = Mlog Z(G) + log —o+—0+~--
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Asymptotic expansion and asymptotic Bethe approximation

det (7(0))
[« p(x)

=0

1 1
log Z(G)M = Mlog Z(G) + log +5,0+ 70+

det(VFBethe) 1
) HaEF Hxaa ba(Xaa)

=log /¢ (u)

[Watanabe and Fukumizu 2010]

|Og<ZZI\/7> M IOg ZBethe + |Og \/H H b (

1 1
+ 8t gt
By letting M =1,
Definition (Asymptotic Bethe approximation)
Form=1,2,...,

Iog ZX;) = Iog ZBethe + |0g m +git+go+ ot gmot.
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Edge zeta function

Definition (Prime cycle)
A closed walk e — e+ — e, — €1 is a prime cycle < itis
backtrackless and cannot be expressed as power of another walk.

Definition (Edge zeta function)

cw= I !

det(/ — u u R :
(61462“'—\6"491) ( €1,62-€2,€3 enyel)

is a prime cycle

Lemma (Watanabe-Fukumizu formula; 2010)
((u) ™" = det(V?Faethe((mi), (1(2))))
T det(Vars, [ti (X)) =% ] det(Vars,[ta(Xsa)])

eV acF

a
where u?_,;

= Coryp, [ti(Xi), t;(X))].
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Single-cycle graph
Let
A = Corp, [ti; (X;), ti, (X;,)]Corp, [t, (Xs), s (X))
e Corba,, [ti,(XG,), ti (Xi,)]

Then, the true partition function Z and the asymptotic Bethe

approximation ZXQ are

Z = Zgethe((bi)icv, (ba)acr) (1 +tr(A)).
Z/(é) = Zgethe((bi)icv, (ba)aeF)det(/l_A)-
= Zoethe((bi)iev. (ba)acr) (1 + tr(A) + O(p(A)?))

where p(A) is the spectrum radius of A.

The asymptotic Bethe approximation is accurate when A = 0.
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General factor graph

Z(G) = ZBethe((b i€V aEF Z Z E,
E'eG

Generalized loop
G:={E CE|dy,(E')# 1foroe VUF}
(Simple) loop [Gomez et al. 2006], [Chertkov and Chernyak 2007]
L:={E CE|d,(E')=0,2for o€ VUF,connected}

For E' e L
Z(E") = tr(A).

(m)

Roughly speaking, ZAE enumerates the weights of Z(E’) for

E'eL.
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Numerical calculation: Ising model

= Z exp{ < Z x,)g—f—th,)}

xe{+1,—1}N (ij)eE

For a locally tree-like graph, if 3 > 0,

the Bethe approximation is asymptotically exact, i.e.,

1 1
NlinooNIOgZ_ lim N|0gZBethe

[Dembo and Montanari 2010].

|Corp, (Xi, Xj)| < tanh(|3]) .
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Results of numerical calculation: Ising model

0.009 T \
Bethe
0.008 N Bethe-zeta i
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(logZ-logZ_B)/N
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beta
N =16, da\,g =4.375, h=20.5.
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Summary and future works

Summary:

» Chertkov and Chernyak’s loop calculus is generalized to
non-binary alphabets by using tangent vectors for information
manifold of exponential family.

» New generalization of the Bethe free energy is obtained by
Vontobel's method of graph cover and Watanabe-Fukumizu
formula.

Future works about asymptotic Bethe approximation:

» Rigorous proof of the accuracy for sparse factor graphs.
» Higher order approximations.

» Relationship with the Plefka expansion.
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